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The Rytov theory is applied to find the wave structure function of a laser beam transmitted from one
satellite to another and propagating through the turbulent atmosphere. The phase-screen approximation
is used. Taking into account refractive-index anisotropy, outer scale, and atmospheric mean-refraction
defocusing, we provide expressions of the wave structure function for a spherical wave. The width and
time of coherence at the receiver are evaluated. Expression for the beam spread is found using the ex-
tended Huygens–Fresnel principle, and beam wander is assessed. Beam wander occurs only for very
narrow beams. Links involving low-Earth-orbit and geosynchronous satellites are studied as examples.
Finally, conditions where optical tracking is perturbed by the atmosphere are examined. © 2009 Optical
Society of America
OCIS codes: 010.1330, 030.0030, 060.2605.
1. Introduction
The laser technology applied to intersatellite links
(ISLs) has gained reliability over the past several
decades. Optical ISLs are meant for either communi-
cations or measurements. When near-Earth satel-
lites are involved, link occultation by the Earth
and by its atmosphere can be frequent. About thirty
years ago, several theoretical studies derived spatial
and temporal spectra of phase and intensity pertur-
bations during planetary occultation [1–3]. Consid-
ered scenarios were essentially spacecraft radio
occultation or stellar occultation. In those studies,
anisotropic inhomogeneities and mean refraction of
the quiescent atmosphere were already taken into
account. Several occultation experiments have been
conducted (with the Earth or other planets) and,
with various degrees of agreement, theory could be
compared to measurements [4–8]. However, so far
the main investigated turbulence effect has been
scintillation.
Development of optical space communications
allows now the measurement of occulted narrow
quasi-monochromatic beams. For such scenarios,
other effects related to the loss of spatial coherence
require investigation. For example, during an Earth
occultation of an optical link between the OICETS
and ARTEMIS satellites, the optical tracking system
was challenged by high angle-of-arrival fluctuations
[9]. In this paper, we evaluate the wave structure
function (WSF) based on recent turbulence models.
The goal is to estimate various parameters that are
commonly evaluated in beam propagations at
ground. These parameters are the coherence width
and coherence time, the beam-spread loss, and the
beam-wander strength. The paper is mostly deriva-
tive in the sense that it applies the well known Rytov
theory and the extended Huygens–Fresnel principle.
Unlike intensity statistics, phase statistics governed
by the Rytov approximation have an acceptable va-
lidity in the strong-fluctuation regime. In the paper,
emphasis is put on links involving low-Earth-
orbit (LEO) and geosynchronous (GEO) satellites.
Although an optical beam crossing the atmosphere
at altitudes below 10km is likely to be blocked by
clouds, the atmosphere is assumed free of clouds at
any altitude.
The paper is structured as follows. Section 2 pre-
sents the model of optical turbulence from which
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wave perturbations are derived. Section 3 describes
the link assumptions and the geometrical para-
meters used throughout the paper. Assuming a sphe-
rical wave, Sections 4 and 5 evaluate the wave
structure function in the spatial and temporal
domains. In Section 6 a finite beam radius is consid-
ered, and beam spread and beam wander are
evaluated. Section 7 comments on the possible dete-
rioration of optical tracking. Section 8 concludes on
the results.
2. Optical-Turbulence Model
Following Gurvich et al. [10–12], we consider a three-
dimensional refractive-index spectrum ΦnðκÞ that is
the sum of an isotropic part Φn;iðκÞ and an anisotro-
pic part Φn;aðκÞ:
ΦnðκÞ ¼ Φn;iðκÞ þΦn;aðκÞ: ð1Þ
In both spectrum parts, inner scale is ignored
whereas a finite outer scale is considered.
A. Isotropic Spectrum
We consider the von Karman spectrum given by
Φn;iðκÞ ¼ 0:033C2nðκ2 þ κ20;iÞ−11=6; ð2Þ
with κ0;i ¼ 2π=L0;i and L0;i the isotropic outer scale.
In our analysis, we define the C2n parameter so that
it fits the Hufnagel–Valley model in the lower atmo-
sphere and the measurements of Gurvich [12] in the
upper atmosphere. The total C2n profile over the alti-
tude h takes the following form:
C2nðhÞ ¼ HV5=7ðhÞ þ hNðhÞi2CKðhÞ: ð3Þ
HV5=7 is the widely used Hufnagel–Valley profile,
which, for a zenith downlink at a wavelength λ ¼
500nm, leads to a Fried parameter of 5 cm and
an anisoplanatic angle of 7 μrad (see Table 3.1 in
Ref. [13]). hNðhÞi is the mean refractivity. Assuming
a wavelength λ > 300nm, the dependence ofN on λ is
negligible and hNðhÞi is proportional to the air den-
sity. We consider hNðhÞi ¼ 2:7 × 10−4e−h=H0, where the
characteristic height is set to H0 ¼ 7km. The CK
parameter is given by
CKðhÞ ¼ 10−10eh=10km ½m−2=3: ð4Þ
Equation (4) fits the experimental values of Ref. [12]
in the range 25km < h < 50km. The measurement
campaign with the MIR space station is not the only
one revealing that, for the stratosphere, the exponen-
tial fall off of HV5=7 is probably too steep [9,12,14].
Robert et al. [15] also relied on a hybrid C2n model si-
milar to Eq. (3) for comparison with measurements.
The upper graph of Fig. 1 shows C2nðhÞ together with
the two constituting models for low and high atmo-
spheres. Note that hNðhÞi2CKðhÞ has little influence
on the vertical profile integration. For a zenith down-
link at λ ¼ 500nm, Eq. (3) leads to a Fried parameter
of 4:9 cm and an anisoplanatic angle of 6:3 μrad.
B. Anisotropic Spectrum
We consider the following anisotropic refractive-
index spectrum [10,12]:
Φn;aðKÞ ¼ S2nðK2 þ κ20;aÞ−5=2; ð5Þ
where S2n is the scaling parameter of the spectrum,
κ0;a ¼ 2π=L0;a with L0;a the anisotropic vertical outer
scale, and
K2 ¼ η2ðK2X þ K2YÞ þ K2Z: ð6Þ
KX and KY are the horizontal (with respect to the
Earth surface) spatial frequency variables, and KZ
is the spatial frequency variable in the vertical direc-
tion (i.e., along the line passing through the Earth
center). Following other authors, the anisotropy fac-
tor η is set to 30 [12,15]. The parameter S2n is given by
S2n ¼ η2hNi2CW : ð7Þ
Measurements of the parameter CWðhÞ in the range
25km < h < 50km are reported in [12]. We use the
following function:
CWðhÞ ¼ 5 × 10−11
1
1þ 4:5 × 108hNi2 ½m
−2: ð8Þ
Thus CWðhÞ equals 5 × 10−11m−2 for high h values
and decreases when h goes under 15km so that S2n
saturates toward 10−16m−2. The parameter S2nðhÞ
is plotted in the lower graph of Fig. 1. Although there
is no undisputed model for the outer scale, it
Fig. 1. Considered atmospheric profiles of turbulence: C2nðhÞ and
S2nðhÞ.
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generally grows with altitude. We will assume the
following exponential increase:
L0;aðhÞ ∝ eh=10km ½m: ð9Þ
Note that the function 0:1 × eh=10km is a good fit of the
measured anisotropic inner scale [12], which is noted
lW by Gurvich and Chunchuzov.
3. Link Assumptions
A. Link Geometry
Figure 2 shows the geometrical parameters of an in-
tersatellite link crossing the Earth’s atmosphere. HP
is the altitude of the perigee corresponding to the
shortest distance between the link path and the
Earth’s surface. H1 (respectively, H2) is the altitude
of the transmitter (respectively, receiver). Along the
beam path, we consider different link segments. L1
(respectively, L2) is the distance from the transmitter
(respectively, receiver) to the perigee. L is the link
distance (L ¼ L1 þ L2). The Earth is assumed sphe-
rical with Re ¼ 6370km. Because HP ≪ Re, L is in-
dependent of HP.
Because the refractive index has anisotropic prop-
erties, the axes x and y transverse to the beam direc-
tion must be clearly defined and not confused with
the geocentric axes ðX;Y ;ZÞ. As shown in Fig. 3,
the x, y, z axes form an orthogonal basis. The x axis
is parallel to the Earth vertical at the point z ¼ L1
and is directed outwardly from the Earth. A para-
meter that is also relevant is the grazing angle α,
which is the angular difference between the beam di-
rection and the local Earth horizon.
We will often refer to two satellites of common or-
bits, namely, a circular low Earth orbit (LEO) and a
geosynchronous orbit (GEO). The considered para-
meters for these two satellites are listed in Table 1.
B. Phase-Screen Approximation
We wish to estimate Latm, which is half of the link’s
atmospheric range. In order to accurately model the
atmosphere as a thin phase screen (PS), Latm should
be significantly smaller than L1 and L2. We define
the path-integrated C2n by
μ0;i ≡
Z
L
0
C2n½hðzÞdz: ð10Þ
As depicted in Fig. 3, z is the longitudinal variable of
the link with the transmitter as origin. An estima-
tion of Latm can be found by writing
Z
L1þLatm
L1−Latm
C2n½hðzÞdz ¼ pμ0;i: ð11Þ
where p is the percentage of turbulence in the path
segment jz − L1j < Latm with respect to the total path
0 < z < L. With h≪ Re, the variables h and z are
related by ðz − L1Þ2 ≈ 2ðh −HPÞRe. By additionally
considering the typical trend C2nðhÞ∼ expð−2h=H0Þ,
Eq. (11) leads us to
Latm ≈ erfinvðpÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
H0Re
p
; ð12Þ
where erfinv is the inverse error function. Setting
p ¼ 0:99, we find Latm ≈ 380km. The atmospheric
height span Hspan over which the ray propagates is
given by Hspan ≈ L2atm=ð2ReÞ, which yields Hspan≈
11km. Note that Hspan is approximately the charac-
teristic height of L0;aðhÞ, so that the outer scale can
be assumed constant over the whole path without in-
troducing large errors. Finally, within the link seg-
ment of significant turbulence, one can evaluate
the maximum grazing angle αmax according to αmax≈
Latm=Re, which yields αmax ≈ 3:4°.
C. Beam Model
The beam considered is a quasi-monochromatic
single-mode collimated Gaussian beam. We assume
the beam is in the far field as it enters the atmo-
sphere, i.e.,
LR ≪ L1; ð13Þ
LR being the Rayleigh range. This condition is ful-
filled for most realistic optical links. For example,
with a beam of wavelength λ ¼ 1 μm and 1=e half-
divergence angle θdiv ¼ 3 μrad, we obtain LR≡
λ=ðπθ2divÞ ¼ 35km. Equation (13) will enable us to
view the wavefront of the beam as that of a spherical
wave. However, the spherical-wave model is limited
because the finite transverse extent of the beam has
an influence on the coherence loss and imposes re-
strictions if a spherical-wave model is assumed. Be-
cause the WSF will be evaluated only for a spherical
wave, we now enounce these restrictions. In the ab-
sence of atmospheric perturbations, letW1 andW be
Fig. 2. (Color online) Considered link geometry.
Fig. 3. (Color online) Beam coordinate system and α parameter.
Table 1. Geometrical Parameters Relevant for Links with LEO and/
or GEO Satellites
LEO GEO
Height (H1 or H2) 500km 36 ; 000km
Distance to perigee (L1 or L2) 2600km 42 ; 000km
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the beam radii after the propagation distances L1
and L, respectively. From Eq. (13), we have
θdiv ≈
W1
L1
≈
W
L
: ð14Þ
The relevant geometrical beam parameters are de-
picted in Fig. 4. The incident angle θ of a wave mode
reaching the receiver is limited by the finite size of
the beam at the PS. So, the spherical-wave approx-
imation can only be accurate if the incident angle
is such that θ≪ W1=L2. The remoteness of the recei-
ver (Rx) satellite from the PS acts as a spatial filter
for the distortions of the received wave. The optical
power lost because of this filtering corresponds to the
beam-spread loss. The angle θ of the frequency do-
main is related to the separation distance ρ of the
spatial domain by the relation ρ ¼ 1=ðθkÞ, so that
the restriction becomes ρ≫ L2=ðkW1Þ. Additionally
the spherical-wave WSF can only equal the
Gaussian-beam WSF for spatial scales within the
beam extent, that is, for ρ≪ W. We thus obtain
the validity region
1
k
L2
W1
≪ ρ≪ W: ð15Þ
By assuming a spherical wave, the WSF will be over-
estimated for ρ < L2=ðkW1Þ. Appendix A shows how
Eq. (15) can be derived from a relation previously de-
rived by other authors. Using this relation [substan-
tially reproduced in Eq. (65)], the error induced by
the spherical-wave assumption can be estimated.
Because we assume statistically homogenous tur-
bulence, distortions at the receiver should originate
from a turbulent region with quasi-homogeneous
parameters C2n, S2n, L0;i, and L0;a. In the vertical di-
rection, we thus impose θx ≪ H0=L2, which in term
of separation distance gives
1
k
L2
H0
≪ ρx: ð16Þ
Considering an Rx satellite near the Earth (say
L2 < 105 km), we can assume for the y direction a sta-
tistically homogeneous refractive index. That is, we
neglect refraction effects (turbulence or mean refrac-
tion) associated with the transverse limb curvature.
D. Mean Refraction
Variation of the mean refractivity hNðhÞi bends and
defocuses the beam in the vertical direction. The to-
tal refraction angle, noted ω, reaches 19mrad (1:1°)
when the perigee point is at the ground. It has there-
fore a negligible effect on the distances L1 and L2,
and on the grazing angle αðzÞ. However, the induced
amount of beam spreading at the receiver may not be
negligible and is determined by the vertical defocus-
ing factor ϕ given by [3]
ϕ−1 ¼ 1 − L1L2
L
dω
dh
: ð17Þ
In writing Eq. (17), the PS approximation was used.
Some authors interested in intensity measurements
call ϕ the dilution factor [16].
4. Spatial Wave Structure Function (Spherical Wave)
Based on the Rytov theory, the transverse wave
structure function DwðρÞ of a spherical wave (see
Ref. [17], Subsection 6.4.2) can be written as
Dwðρx; ρyÞ ¼
Z
L
0
Dzwðρx; ρy; zÞdz; ð18Þ
with
Dzwðρx; ρy; zÞ ¼ 4πk2
Z
∞
−∞
Z
∞
−∞
Φnðκx; κy; zÞh
1 − e−jξðϕκxρxþκyρyÞ
i
dκxdκy; ð19Þ
where ξ≡ z=L. Assuming Latm ≪ L1 and Latm ≪ L2,
we apply the PS approximation in the exponential
term of Eq. (19). The parameter ϕ is given by
Eq. (17), and we set ξ ¼ L1=L. Next, we provide sepa-
rate expressions for Dw;i and Dw;a, the isotropic and
anisotropic structure functions.
A. Isotropic Function
By changing the integration variables, Eq. (19) ap-
plied to isotropic turbulence becomes
Dzw;iðρx; ρy; zÞ ¼ 8π2k2
Z
∞
0
Φn;iðκ⊥; zÞ½1
− J0ðκ⊥riÞκ⊥dκ⊥; ð20Þ
where J0 is the Bessel function of the first kind and
order zero, κ2
⊥
¼ κ2x þ κ2y , and
ri ¼
L1
L
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðϕρxÞ2 þ ρ2y
q
: ð21Þ
The integration over κ⊥ can be performed using
formulas of Appendix B. The next step is to integrate
Eq. (20) over z. Defining the width ρi;atm≡
ð1:46k2μ0;iÞ−3=5, we obtain the common results:
Fig. 4. Geometry of the considered beam model and angular re-
lations (PS, phase screen).
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Dw;iðρx; ρyÞ ¼ 2

ri
ρi;atm

5=3
; ri ≪ L0;i; ð22Þ
Dw;iðρx; ρyÞ ¼ 0:05

L0;i
ρi;atm

5=3
; ri ≫ L0;i: ð23Þ
B. Anisotropic Function
Converting geocentric coordinates to beam coordi-
nates, the evaluation of the anisotropic spectrum
in the plane transverse to the beam yields
Φn;aðκx; κy; zÞ ¼ S2nðη2K2X þ K2Z þ κ20;aÞ−5=2
¼ S2nðη2κ2y þ γ2κ2x þ κ20;aÞ−5=2; ð24Þ
with (see Ref. [15] for a detailed derivation)
γ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cos2αþ η2sin2α
q
: ð25Þ
By changing the integration variables, Eq. (19) eval-
uated for the anisotropic part becomes
Dzw;aðρx; ρy; zÞ ¼ 8π2k2S2nðγηÞ−1
Z
∞
0
1 − J0ðκ⊥raÞ
ðκ2
⊥
þ κ20;aÞ5=2
κ⊥dκ⊥;
ð26Þ
where
ra ¼
L1
L
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðϕγ−1ρxÞ2 þ ðη−1ρyÞ2
q
: ð27Þ
As for the isotropic function, Eq. (26) can be inte-
grated using Appendix A. When integrating over z,
an obstacle resides in the fact that α and hence γ de-
pend on z. Defining
μm;a ≡
Z
L
0
S2nγ−mdz; ð28Þ
wemust deal with μ1;a in the x direction, and with μ3;a
in the y direction. In the stratospheric region, we find
for η ¼ 30 that μ1;a ¼ 0:86μ0;a and μ3;a ¼ 0:69μ0;a. To
simplify expressions, we make the approximation γ ≈
1 and thus μ3;a ≈ μ1;a ≈ μ0;a. This allows us to define
ρa;atm ≡ ð1=4πk2L0;aμ0;aη−1Þ−1=2 and to obtain the
two asymptotic results:
Dw;aðρx; ρyÞ ¼ 2

ra
ρa;atm

2
; ra ≪ L0;a; ð29Þ
Dw;aðρx; ρyÞ ¼
1
6π2

L0;a
ρa;atm

2
; ra ≫ L0;a: ð30Þ
Note that Gurvich and Belen’kii derived a quadratic
expression similar to Eq. (29) for stellar observation
from the ground [10].
C. Coherence Width
The total WSF is the sum of the isotropic and aniso-
tropic parts. The coherence widths ρ0;x and ρ0;y in the
x and y directions, respectively, are defined as the se-
paration distances for which the structure function
equals 2:
Dwðρ0;x; 0Þ≡Dwð0; ρ0;yÞ≡ 2: ð31Þ
We wish to separate the influence of the atmosphere
and the influence of the satellite positions. To this
aim, we consider ρ0;atm;x and ρ0;atm;y the coherence
widths of a wave field located just after the PS, that
is with L2 ¼ 0:
Dwðρ0;atm;x; 0Þ

L2¼0
≡Dwð0; ρ0;atm;yÞ

L2¼0
≡2: ð32Þ
Setting L2 ¼ 0 leads to L1 ¼ L and ϕ ¼ 1, so that we
can write

ρ0;x
ρ0;y

≈
L
L1

ϕ−1ρ0;atm;x
ρ0;atm;y

: ð33Þ
The equality in Eq. (33) is only approximate because
Dw;i and Dw;a do not have the same power law for
their argument. Equation (33) is thus slightly inac-
curate when Dw;i and Dw;a are of the same order of
magnitude.
In Fig. 5, the influence of satellite positions is ex-
amined, and the expansion factor ϕ−1L=L1 is plotted
for the four different scenarios involving LEO and
GEO satellites. One sees that, in terms of wavefront
distortions at the receiver, the GEO-to-LEO link,
which is close to the plane-wave scenario, corre-
sponds to the worst case. Figure 6 shows the
Fig. 5. (Color online) Vertical expansion factor ϕ−1L=L1 for four
different links.
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coherence widths ρ0;atm;x and ρ0;atm;y as a function of
the perigee altitude for λ ¼ 1 μm. Two different pro-
files of L0;a are considered: L0;aðhÞ ¼ eh=10 km and
L0;aðhÞ ¼ 10 × eh=10km. We note that for any altitude
HP, the widths ρ0;atm;x and ρ0;atm;y are much smaller
than typical values of L0;i or L0;a and thus could be
calculated by considering Eqs. (22) and (29). The
right ordinate axis of Fig. 6 shows the values taken
by the diffraction angle θatm associated with the loss
of coherence. This angle is defined for both trans-
verse components as

θatm;x
θatm;y

≡
2
k

1=ρ0;atm;x
1=ρ0;atm;y

: ð34Þ
For both considered outer-scale profiles, we found
that the coherence width in the y direction is domi-
nated by the isotropic turbulence so that we can
write
Dwð0; ρyÞ ≈ Dw;ið0; ρyÞ: ð35Þ
In the upper atmosphere (HP > 25km), both coher-
ence widths ρ0;atm;x and ρ0;atm;y increase with HP at
an exponential rate with a characteristic height of
∼6km. Figures 5 and 6 reveal that in the x direction
two different phenomena act within quasi-separate
altitude regions. Below ∼20km, mean-refraction de-
focusing noticeably enhances the vertical coherence,
whereas above ∼20km anisotropic irregularities
make ρ0;x significantly smaller than ρ0;y.
The Gaussian-beam conditions of Eq. (15) can be
applied to the atmospheric quantities ρ0;atm and
θatm. The upper bound on ρ yields ρ0;atm ≪ W1 in
which we ignore the ϕ factor. The lower bound on
ρ is most restrictive for L1 ≪ L2 (e.g., a LEO-to-
GEO link), which yields simply θatm ≪ θdiv. The
homogeneous-turbulence condition of Eq. (16) yields
θatm;x ≪ H0L=ðϕL1L2Þ. One can reasonably assume
that this last condition is always fulfilled.
D. Angle of Arrival
The aperture diameter D of the receiver is typically
much smaller than the outer scales. Furthermore,
under the geometric-optics approximation, the wave
structure function Dw is equal to the phase structure
function. In this context, the variance σ2AoA of the an-
gle of arrival (AoA) can be derived from what we call
the “two-point tilt” approximation according to (see
Ref. [17], Subsection 6.5):
 σ2AoA;x
σ2AoA;y

¼ 1
k2D2

DwðD; 0Þ
Dwð0;DÞ

: ð36Þ
The two-point tilt approach amounts to defining the
tilt in a given direction as the straight line that
crosses the two diametrically opposed phase points
on the aperture edge. Rigorously, this simplified
two-point tilt is different from the average tilt over
the whole aperture. However, if we, for example,
consider the Kolmogorov spectrum, the aperture-
averaged tilt variance as derived by Fried in [18]
or as derived by Cheon and Muschinski within the
geometric-optics approximation in Ref. [19] is close
(error < 3%) to that derived from Eq. (36).
Now, to reach conveniently an estimation of σAoA;x
and σAoA;y, we assume the structure function takes
the quadratic form Dw ¼ 2ðρ2x=ρ20;x þ ρ2y=ρ20;yÞ. Equa-
tion (36) then yields

σAoA;x
σAoA;y

≈
ﬃﬃﬃ
2
p
k

1=ρ0;x
1=ρ0;y

: ð37Þ
According to Eq. (36), the angle of arrival is indepen-
dent of the wavelength but depends slightly on D
through the function Dw;i, which follows a 5=3-power
law. In the approximation of Eq. (37), the dependence
on D is suppressed, but a small dependence on λ is
fictively introduced. Using Eq. (34) and (37),

σAoA;x
σAoA;y

≈
1ﬃﬃﬃ
2
p L1
L

ϕθatm;x
θatm;y

: ð38Þ
Figure 7 shows the pointing errors measured by the
OICETS satellite over a GEO-to-LEO link [9]. In the
upper graph the angle in the vertical or x direction is
plotted, whereas the angle in the horizontal or y di-
rection is plotted in the lower graph [20]. Although
one can observe that the fluctuation strength is simi-
lar in orders of magnitude to those deduced from
Eq. (38), one cannot directly compare those data with
our theoretical results. This is because the optical-
tracking system on the satellite tends to compensate
for angular deviations and also may have been per-
turbed by scintillation. Additionally, some time aver-
aging may have taken place when detecting the
angle of arrival (the sampling rate of the sensors
was 4kHz).
Fig. 6. (Color online) Normalized coherence widths ρ0;atm;x and
ρ0;atm;y defined with L2 ¼ 0 and plotted for λ ¼ 1 μm. The corre-
sponding values for the diffraction angles θatm;x and θatm;y are dis-
played on the right axis.
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5. Temporal Wave Structure Function (Spherical
Wave)
A. General Relations
To derive the temporal statistics of turbulence-in-
duced fluctuations, we rely on the common frozen-
turbulence hypothesis [21]. The speed at which tur-
bulent cells cross the optical beam is essentially de-
termined by the beam motion driven by the satellite
speeds (atmospheric wind is neglected). Let V1;⊥ and
V2;⊥ be the transverse speed vectors of, respectively,
the transmitting and receiving satellites as observed
from the Earth center. Let VRW;0 be the transverse
relative-wind speed vector when mean refraction is
hypothetically uniformly zero. Along the beam path,
VRW;0 is given by
VRW;0ðzÞ ¼ ð1 − ξÞV1;⊥ þ ξV2;⊥: ð39Þ
We note VRW the transverse relative-wind speed vec-
tor including vertical mean refraction. The compo-
nents of VRW in the atmospheric range of z are then

VRW;x
VRW;y

¼

ϕVRW;0;x
VRW;0;y

; jz − L1j < Latm: ð40Þ
In writing Eq. (40), we have made two approxima-
tions about transverse speeds. The first approxima-
tion is related to the PS approximation since ϕVRW;0;x
represents the vertical velocity of the bending point
on the PS and not the actual vertical velocity of the
perigee point. This issue was addressed by Dalaudier
et al. who showed that the ratio of the two velocities
is close to one (Subsection 4.C of Ref. [16]). The sec-
ond approximation consists of neglecting the effect of
mean refraction on the transverse speeds V1;⊥ and
V2;⊥ because the associated angles are small.
Now, taking defocusing effects into account, the
equivalence between spatial and temporal argu-
ments is

VRW;x
VRW;y

τ ¼ ξ

ϕρx
ρy

: ð41Þ
Introducing Eq. (41) into Eqs. (20) and (26) we obtain,
for an outer scale large enough,
Dzw;iðτ; zÞ ¼ 2:9k2C2nðVRWτÞ5=3; ð42Þ
Dzw;aðτ; zÞ ¼ 1=2πk2L0;aS2nðγηÞ−1ðγ−2V2RW;x
þ η−2V2RW;yÞτ2: ð43Þ
Integrating over z, we use again μ3;a ≈ μ1;a ≈ μ0;a for
the anisotropic part and write
Dw;iðτÞ ¼ 2

Veq;iτ
ρi;atm

5=3
; ð44Þ
Dw;aðτÞ ¼ 2
0
@
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
V2eq;a;x þ η−2V2eq;a;y
q
τ
ρa;atm
1
A
2
; ð45Þ
with
Veq;i ¼

μ−10;i
Z
L
0
C2nV
5=3
RWdz

3=5
; ð46Þ
Veq;a;x ¼

μ−13;a
Z
L
0
S2nγ−3V2RW;xdz

1=2
; ð47Þ
Veq;a;y ¼

μ−11;a
Z
L
0
S2nγ−1V2RW;ydz

1=2
: ð48Þ
Similarly to the coherence width, we define the
coherence time τ0 by Dwðτ0Þ≡ 2, and we obtain the
following limit cases:
Fig. 7. Fluctuations of the AoA as recorded by the OICETS satel-
lite during a link with the ARTEMIS satellite. The upper graph
shows the vertical angular component and the lower graph shows
the horizontal one (courtesy of Takayama et al.. [9]).
2296 APPLIED OPTICS / Vol. 48, No. 12 / 20 April 2009
τ0 ¼
8><
>:
ρ0;atm
Veq;i
if DS;aðτÞ≪ DS;iðτÞ
V2eq;a;x
ρ20;atm;x
þ V2eq;a;yρ20;atm;y
1=2
if DS;iðτÞ≪ DS;aðτÞ
:
ð49Þ
In the following, the fluctuation speeds of two differ-
ent scenarios are evaluated for illustration purposes.
For both examples, fluctuation speed is independent
of the link direction.
B. “LEO Chasing LEO” Link
In a “LEO chasing LEO” scenario, both LEO satel-
lites have the same trajectory in a geocentric frame
of reference, and one satellite is delayed with respect
to the other satellite. It results that HP is constant
over time and that the satellite speed vectors follow
the relations
V1;⊥ ¼ V1

L1=ðRe þH1Þ
0

V2;⊥ ¼ −V1;⊥
: ð50Þ
In that case, Eqs. (39) and (40) yield

VRW;x
VRW;y

¼

ϕð1 − 2ξÞV1;x
0

: ð51Þ
The transverse relative wind is displayed in Fig. 8.
The coherence time τ0 is plotted over HP in Fig. 9
(upper plot). The altitude of the LEO satellites
corresponds to Table 1, and the speed V1 of the
satellites is 7:5km=s. Because the beam moves
vertically through the atmosphere, anisotropic irre-
gularities mostly determine the coherence time in
the upper atmosphere. This is noticeable through
the consideration of two different outer-scale profiles
(L0;aðhÞ ¼ eh=10km and 10 × eh=10km).
C. LEO–GEO Link
Let us consider a LEO–GEO link. Let VLEO;⊥ (respec-
tively VGEO;⊥) be the transverse speed of the LEO (re-
spectively GEO) satellite and LLEO (respectively
LGEO) be the distance between the perigee point
and the LEO (respectively GEO) satellite. Because
VGEO;⊥ ¼ 0 and LGEO ≫ LLEO, the GEO terminal
falls into the category of remote slow terminals with
respect to the LEO terminal. This implies that,
within the atmospheric region, Eq. (39) becomes
VRW;0 ≈ VLEO;⊥. It also implies that ϕ−1 ≈ ϕ−1LEO≡
1 − LLEOdω=dh, so that for values of z in the atmo-
sphere we have

VRW;x
VRW;y

≈

ϕLEOVLEO;x
VLEO;y

: ð52Þ
Because VRW is independent of z, the coherence time
τ0 is the same for both link directions. VLEO;⊥ has a
negligible dependence on HP for HP < 50km. How-
ever, VLEO;⊥ has a strong dependence on the orbit in-
clination αorbit with respect to the Earth–GEO axis.
Figure 10(a) depicts a LEO orbit and indicates the
inclination parameter αorbit. Figure 10(b) depicts
the orbit of the LEO satellite as seen from the
GEO satellite for two αorbit values. The components
of VLEO;⊥ can be calculated through projection rela-
tions. The components of VRW are plotted in Fig. 11
as a function of αorbit.
Along with the previous example, Fig. 9 shows the
coherence time of a LEO–GEO link for αorbit ¼ 0° and
75°. For the case αorbit ¼ 0°, the beam moves verti-
cally through the atmosphere, and two different out-
er-scale profiles (L0;aðhÞ ¼ eh=10km and 10 × eh=10km)
have been considered. One sees that a LEO–GEO
link presents faster fluctuations than the “LEO chas-
ing LEO” link.
6. Beam Spread and Beam Wander
Beam spread and beam wander increase as the beam
radius decreases; therefore the spherical-wave ap-
proximation cannot be applied anymore. Analyses
of Subsections 6.A and 6.B are based on the assump-
tion that the turbulence strength is the same across
the whole beam cross section. To fulfill this condition,
one may reasonably consider W1 < 500m. This re-
striction on W1 is equivalent to θdiv < 190 μrad for
a transmitting LEO satellite and θdiv < 12 μrad for
a transmitting GEO satellite. This restriction will
not affect the scope of the results much because,
for W1 ¼ 500m, turbulence-induced beam spread
and beam wander are already very weak.
Fig. 8. (Color online) Transverse component of the relative wind
for a “LEO-chasing-LEO” link.
Fig. 9. (Color online) Coherence time τ0 calculated as a function
of HP for various scenarios.
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A. Beam Spread
The beam spread is found by calculating the mean
intensity profile at the receiver. To this end, we apply
the extended Huygens–Fresnel principle [17,22] for
the propagation of the beam from the PS to the recei-
ver. We separate the mean-refraction effect from the
turbulence effect by considering an initial beam lo-
cated at z ¼ L1 and already affected by the vertical
defocusing factor ϕ but not affected yet by the turbu-
lent PS located at z ¼ Lþ1 . The initial beam is thus
modeled as an astigmatic Gaussian beam with a ver-
tical curvature radius reduced by the factor ϕ. The
extended Huygens–Fresnel principle has already
been applied to astigmatic Gaussian beams by other
authors [23]. The intensity profile hIðx; yÞi at z ¼ L
normalized to have an on-axis value of 1 without at-
mospheric effects is then given by
hIðx; yÞi ¼ k
2W2
8πL22
ZZ
∞
−∞
dQxdQy exp

−i
k
L2
ðxQx þ yQyÞ

× exp

−
k2W2
8L22

Q2x
ϕ2 þQ
2
y

× exp

−
1
2
DspðQx;QyÞ

: ð53Þ
DspðQx;QyÞ is the phase structure function of a sphe-
rical wave propagating from the receiver to just be-
hind the PS (at z ¼ L−1). We consider the simple form
DspðQx;QyÞ ¼ 2

Q2x
ρ20;atm;x
þ Q
2
y
ρ20;atm;y

: ð54Þ
Equation (53) amounts then to the Fourier transform
of a Gaussian function, which is another Gaussian
function. We find
hIðx; yÞi ¼ 1
sxsy
exp

−2
x2
s2xW2
− 2
y2
s2yW2

; ð55Þ
where, using Eqs. (34) and (14), the spread factors sx
and sy are given by
s2x ¼ ϕ−2 þ 2

L2
L
θatm;x
θdiv

2
; ð56Þ
s2y ¼ 1þ 2

L2
L
θatm;y
θdiv

2
: ð57Þ
Figure 12 shows the beam-spread loss 1=ðsxsyÞ for a
beam originating from a LEO satellite with λ ¼ 1 μm.
Two divergence angles (3 and 30 μrad) and two types
of receiver satellite (LEO and GEO) are considered.
Because beam spread is weak at altitudes with sig-
nificant anisotropic irregularities, L0;a has a limited
effect on the beam spread. Figure 12 shows the case
L0;a ¼ 5 × eh=10km, and modifying L0;a makes the
curves change slightly forHP > 20km. By increasing
θdiv from 3 to 30 μrad, most of turbulence-induced
beam spread is removed, and the effect of the defo-
cusing factor ϕ becomes discernible.
B. Beam Wander
Beam wander is highly dependent on the outer scale
whether turbulence is isotropic or anisotropic. To
keep the analysis simple, we consider the same
Fig. 10. Geometry of an occultation link with a LEO satellite and
a remote countersatellite: (a) the LEO orbit makes an angle αorbit
with respect to the direction toward the countersatellite, (b) the
LEO orbit is traced as seen from the countersatellite.
Fig. 11. (Color online) Relative transverse wind VRW as a func-
tion of the LEO orbit inclination αorbit in the case of a LEO–
GEO link.
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atmospheric profile for isotropic and anisotropic out-
er scales and set L0;i ¼ L0;a ¼ L0.
1. Absolute Deviations
We note σ2BW is the variance of the angular beam de-
viations caused by the atmospheric PS. As in Subsec-
tion 4.D, we rely on geometric optics and apply the
two-point tilt approximation. Before commenting
on the accuracy of the approach, we write the asso-
ciated expression for the Gaussian beam located at
the PS:
 σ2BW;x
σ2BW;y

¼ 1
4k2W21

Dwð2W1; 0Þ
Dwð0; 2W1Þ

L2¼0
; ð58Þ
where Dw is evaluated with L2 ¼ 0. As the ratio
W1=L0 becomes significant, the two-point tilt approx-
imation worsens because more aperture averaging of
the tilt takes place. The approach is thus conserva-
tive, as the tilt tends to be overestimated. Consider-
ing for example the isotropic von Kármán spectrum
given by Eq. (2), an analysis of the aperture-averaged
tilt [see Eqs. (8) and (9) of Ref. [24]] leads to σ2BW ∝
W−1=31 ðW1=L0Þ−11=3 for W1 ≫ L0, whereas the two-
point tilt based on Eqs. (58) and (23) leads to
σ2BW ∝ W
−1=3
1 ðW1=L0Þ−5=3. Note also that Andrews
et al., who estimated the aperture-averaged beam
wander with the 11=3-power spectrum including
an outer scale but not with a von Kármán spectrum,
derived an expression (see Eq. (118) of Ref. [17],
p. 210) yielding σ2BW ∝ W
−1=3
1 ðW1=L0Þ−5=3 for
W1 ≫ L0.
Focusing on Eq. (58), we use our previous WSF re-
lations together with Eq. (34) to derive the following
asymptotic expressions:

σBW;x
σBW;y

≈
1ﬃﬃﬃ
2
p

θatm;x
θatm;y

; W1 ≪ L0; ð59Þ

σBW;x
σBW;y

≈ c
L0
W1

θatm;x
θatm;y

; W1 ≫ L0; ð60Þ
where c ¼ 0:056 if the isotropic spectrum dominates
or c ¼ 0:032 if the anisotropic spectrum dominates.
Note that in Eqs. (59) and (60) we have once more
approximated the 5=3-power law of the isotropic
spectrum by a square law.
2. Relative Deviations
It is of interest to compare the strength of the beam
deviations with the actual extent of the beam. Hav-
ing a long-term Gaussian beam of radius WLT and
Gaussian-distributed beam displacements of stan-
dard deviation σc, we are led to a short-term Gaus-
sian beam defined by its radius WST. The relation
between the three quantities is (see Eq. (13) of
Ref. [25])
W2LT;x ¼ W2ST;x þ 2σ2c;x; ð61Þ
in which only the x component has been considered.
In Eq. (61) and in the subsequent equations, repla-
cing x by y and setting ϕ ¼ 1 lead to the relations
for the y component. We define the relative beam
wander by
β2x ≡
2σ2c;x
W2ST;x
¼ 1
W2LT;x=ð2σ2c;xÞ − 1
: ð62Þ
Having the relations WLT;x ¼ sxLθdiv and
σLT;x ¼ L2σBW;x, Eq. (62) can be further developed
by inserting Eqs. (56), (59), and (60). Simple algebra
leads us to
βx ≈

L
ϕL2
θdiv
θatm;x

2
þ 1

−1=2
if W1 ≪ L0; ð63Þ
which implies that βx < 1. The case W1 ≫ cL0 leads
to βx ≪ 1 with the expression
βx ≈
cL0
W1

L
ϕL2
θdiv
θatm;x

2
þ 2

−1=2
if W1 ≫ cL0: ð64Þ
Numerical values of βx and βy are displayed in Fig. 13
for a critical scenario, namely, the LEO-to-GEO link.
θdiv is set to 3 μrad and λ ¼ 1 μm. L0 ¼ 5 × eh=10km.
Care must be taken when evaluating βx or βy. A beam
of divergence θdiv of the order of 10 μrad and emitted
from a LEO satellite has a radius W1 of the order of
L0. So using Eqs. (63) and (64) would lead in that case
to inaccurate results. For Fig. 13, σBW;x and σBW;y
were evaluated using a more general formula for
Dw based on Eq. (67). The plotted curves show the
importance of the outer scale for beam-wander calcu-
lations. For each curve, one observes a maximum lo-
cated in the stratosphere, not far from 20km
altitude. This maximum in the relative beamwander
Fig. 12. (Color online) Beam-spread loss as a function of perigee
altitude for λ ¼ 1 μm.
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can be explained as follows. Starting at HP ¼ 0km
and going up, β increases because L0 increases and
beam spread decreases (beam spread reduces the
effect of absolute beam wander on relative beam
wander). Above HP ∼ 20km, even though L0 still in-
creases, β starts decreasing because beam spread is
negligible, whereas turbulence strength ðC2n;S2nÞ
keeps decreasing. For β < 0:1, beam wander may
be regarded as negligible. We see that only the xwan-
der component combined with a large L0 exceeds the
value 0.1.
7. Effect on Optical Tracking
Let us consider a terminal measuring AoA’s over an
aperture of diameter D and transmitting its beam
over the same aperture. The condition of Eq. (13) im-
plies that the beam radius at the PS is much greater
than the sending aperture, i.e., W1 ≫ D. In terms of
optical tracking, this situation corresponds to a
strong on-axis aperture mismatch and leads to a dec-
orrelation between the measured AoA and the angu-
lar deviation of the emitted beam [26]. Furthermore,
the point-ahead angle, which is induced by the satel-
lites’ motions, strengthens this decorrelation [27]. So
the reciprocity principle [28] does not apply in that
context, and the tracking of the perturbed AoA will
not improve the pointing performance. We can iden-
tify two situations where the atmosphere causes
pointing errors:
i. The first situation is when the relative beam
wander β turns out to be significant (outer scale L0
turns out to be large).
ii. The second situation is when β is negligible
but AoA fluctuations are tracked and are strong en-
ough to displace the outgoing beam off the counter
terminal. The AoA fluctuations are strong enough
to cause a displacement if the condition LσAoA ≪
WLT is not fulfilled (for both x and y axes). The
long-term beam radius is WLT ¼ sLθdiv, where s is
the beam spread factor, so that the condition becomes
σAoA ≪ sθdiv. One can further develop the condition’s
expression using Eqs. (38), (56), and (57), and being
careful about the link directions (L1 for the calcula-
tion of σAoA corresponds to L2 for the calculation of s).
For the critical LEO-to-GEO link, one can derive a
simpler condition, namely, θatm ≪ θdiv for both x
and y axes (considering ϕ ¼ 1 for the x axis is here
a safety measure).
8. Conclusion
Based on given turbulence models, we have evalu-
ated the spatial and temporal wave structure func-
tions of optical ISLs occulted by the atmosphere.
For such links, perturbation anisotropy is particu-
larly pronounced. For certain scenarios, one can ex-
pect a coherence width ρ0 smaller than the Rx
aperture even above the cloud ceiling (HP ∼ 13km).
ISL scintillation is generally the most severe distur-
bance above the cloud region. However, a distorted
wavefront reaching the receiver can be an additional
problem. Having evaluated the spatial WSF, we de-
fined a diffraction angle θatm that is essentially deter-
mined by the path-integrated turbulence, with a
weak dependence on the wavelength. The angular
ratio θatm=θdiv gives the strength of both the beam
spread and the relative beam wander. We found that
turbulence-induced beam spread and beam wander
are significant for narrow beams (θdiv of the order
of 1 μrad).
Appendix A
The wave structure function of a Gaussian beam pro-
pagating through a thin phase screen was evaluated
by Andrews and Phillips. Considering two points sur-
rounding the beam center and a Kolmogorov spec-
trum, theWSF is given by Eq. (33), p. 656 of Ref. [17].
From this relation, we can derive the ratio of
Gaussian-beam WSF DgaðρÞ to spherical-wave
DspðρÞ, which yields
DgaðρÞ
DspðρÞ
¼ Γð11=6Þ

kð1 − d3Þ2ρ2
4ΛLd23

−5=6
×

1F1

−
5
6
; 1;−
kð1 − Θd3Þ2ρ2
4ΛLd23

− 1F1

−
5
6
; 1;
kΛρ2
4L

; ð65Þ
where 1F1 is the hypergeometric function and the di-
mensionless parameters d3, Θ, and Λ applied to our
ISL scenario are given by
d3 ¼ L2=L
Θ ≈ 1
Λ ¼ 2L=ðkW2Þ
:
We have DgaðρÞ ≈DspðρÞ under the two following con-
ditions: in Eq. (65), the last argument of the first hy-
pergeometric function tends to −∞, and the last
argument of the second hypergeometric function
tends to 0. These conditions can be written as
Fig. 13. (Color online) Relative beamwander βx and βy for a LEO-
to-GEO link with θdiv ¼ 3 μrad and λ ¼ 1 μm.
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kL21ρ2
4ΛLL22
≫ 1
kΛρ2
4L ≪ 1
;
and one easily finds that these two conditions are
equivalent to Eq. (15).
Appendix B
This appendix is dedicated to the evaluation of the
following integral:
Ip ¼
Z
∞
0
1 − J0ðκρÞ
ðκ2 þ κ20Þp
κdκ; ð66Þ
which converges if 1 < p < 2, or if p ≥ 2 and κ0 ≠ 0.
This integral was evaluated by Lucke and Young
[29] for the case p ¼ 11=6. Based on Eq. (11.4.44)
of Ref. [30], Ip takes the general form
Ip ¼
κ2ð1−pÞ0
2ðp − 1Þ

1 −
2
Γðp − 1Þ
κ0ρ
2

p−1
Kp−1ðκ0ρÞ

; ð67Þ
where Kp−1ð·Þ is the modified Bessel function of the
second kind, order p − 1. We deduce
Ip →
κ2ð1−pÞ0
2ðp − 1Þ ; for κ0ρ→ ∞: ð68Þ
To obtain the asymptotic behavior of Ip for κ0ρ≪ 1,
we use the MacLaurin series given by Eq. (1.25) of
Ref. [31]. This series leads to
2
ΓðvÞ

x
2

v
KvðxÞ ¼
X∞
n¼0
ð−1Þn
n!
Γð−n − vÞ
ΓðvÞ

x
2

2nþ2v
þ Γð−nþ vÞΓðvÞ

x
2

2n

: ð69Þ
Based on Eqs. (67) and (69), one finds
I11=6 ≈
3
5
Γð1=6Þ
Γð11=6Þ

ρ
2

5=3
; κ0ρ≪ 1
I11=6 ≈
3
5
1
κ5=30
; κ0ρ≫ 1
; ð70Þ
I5=2 ≈
ρ2
8κ0 ; κ0ρ≪ 1
I5=2 ≈ 13κ30
; κ0ρ≫ 1
: ð71Þ
The author thanks Y. Takayama, V. Sofieva, and
C. Robert for helpful discussions.
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